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EXISTENCE AND UNIQUENESS OF RECTILINEAR SLIT MAPS

CARL H. FITZGERALD AND FREDERICK WEENING

ABSTRACT. We consider a generalization of the parallel slit uniformization in
which the angle of inclination of each image slit is assigned independently.
Koebe proved that for domains of finite connectivity there is, up to a normal-
ization, a unique rectilinear slit map achieving any given angle assignment.
Koebe’s theorem is partially extended to domains of infinite connectivity. A
uniqueness result is shown for domains of countable connectivity and arbitrary
angle assignments, and an existence result is proved for arbitrary domains un-
der the assumption that the angle assignment is continuous and has finite
range. In order to prove the existence result a new extremal length tool, called
the crossing-module, is introduced. The crossing-module allows greater free-
dom in the family of admissible arcs than the classical module. Several results
known for the module are extended to the crossing-module. A generalization
of Jenkins’ # module condition for the parallel slit problem is given for the
rectilinear slit problem in terms of the crossing-module and it is shown that
rectilinear slit maps satisfying this crossing-module condition exist.

1. INTRODUCTION

The theory of conformal uniformization attempts to generalize the Riemann
Mapping Theorem to multiply connected domains. The goal is to provide theorems
which allow the one-to-one, conformal mapping of a given domain onto a domain
with prescribed geometrical properties, and to determine conditions under which
such mappings are uniquely determined. A classical example is the parallel slit
uniformization. This uniformization is based on a theorem due to Grotzsch [Grl]
and de Possel [dP] which shows that an arbitrary domain can be mapped con-
formally onto a domain all of whose complementary components are parallel slits
(i.e., straight line segments inclined at a fixed angle or points). Grotzsch [Gr2]
showed that requiring a certain extremal length condition on the image produces a
unique normalized map. Jenkins [J] later reformulated this condition to obtain the
following theorem.

Theorem 1.1 (Grotzsch and Jenkins). If Q is an arbitrary domain containing oo,
then for each angle 6 € [0,m) there exists a unique parallel slit map go(z) with
eTpansion

a1
go(z)=z+—+--- near oo
z
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that satisfies the following condition.

For any sufficiently large square domain Sy, oriented symmetrically

(Py) about the origin with sides at inclination 0 and 0+ /2, the module

0 of the family of arcs in Sp N gg(Q) which join the sides of Sy at
inclination 0 + 7/2 is equal to one.

In particular this theorem shows that normalized parallel slit maps are uniquely
determined on domains of countable connectivity, but not in general on infinitely
connected domains without requiring a condition such as (Py) (For instance, if F
is a Cantor set of positive measure on [0, 1] and 2 is the domain whose complement
consists of the horizontal slits {x + iy : © € [0,1], y € E}, then both the identity
and go(z) are horizontal slit maps on 2.)

The rectilinear slit uniformization generalizes the parallel slit uniformization by
allowing the angle of inclination of each image slit to be assigned independently.
The main results of this paper can be summarized as follows.

e Normalized rectilinear slit maps are shown to be uniquely determined on
domains of countable connectivity (see Theorem 2.3).

e An example of a domain of countable connectivity and a (discontinuous) an-
gle assignment for which no normalized rectilinear slit map achieving the
assignment exists is demonstrated (see the end of section 2).

e A new extremal length tool called the crossing-module is developed. The
crossing-module extends the definition of the classical module to allow arcs
to cross over specified boundary components of the domain. Useful results
regarding the cross-module of a domain whose outer boundary component is
a rectangle are obtained (see Theorems 3.3 and 3.6).

e The crossing-module is used to state an extremal length condition, called
(NPg), which generalizes Jenkins’ (Py) condition in the case of an angle
assignment which is continuous and has finite range (see Theorem 4.4).

e For an arbitrary domain it is shown that there exists a rectilinear slit map
achieving a given continuous angle assignment of finite range which satisfies
the (NPg) condition (see Theorem 4.4).

In [W] it was conjectured that condition (NPg) determined a unique rectilinear
slit map. This conjecture has recently been shown to be true by Maitani and
Minda [MM].

In the remainder of this section we give some precise definitions and provide some
of the history of the rectilinear slit uniformization and related uniformizations.

Definitions. Let 2 be a domain in the extended plane C.

(i) The space of complementary components of € will be denoted by C().

(ii) A mapping ©: C(Q) — R is called an angle assignment on C(€2). Inasmuch
as  and C(Q?) determine each other, the phrase © is an angle assignment on
a domain € will sometimes be used.

(iii) If f: @ — € is a homeomorphism, then we shall use the notation f¢ to
denote the correspondence from C(€2) to C(Y') induced by f(z).

(iv) If © is an angle assignment on  and if f: Q@ — ' is a conformal homeo-
morphism such that for each C' € C(), f¢(C) is a slit which lies on a line
of inclination O(C) to the positive real axis, then f(z) is said to achieve the
angle assignment © (see Figure 1).
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f(2)

FIGURE 1. A rectilinear slit map achieving an angle assignment.

(v) A function which achieves some angle assignment is called a rectilinear slit
map. The function is said to be normalized if co belongs to the domain and
the function has the expansion z + a1z~ + - -- near oo.

For the case of domains of finite connectivity the rectilinear slit mapping problem
was completely solved in 1918 by Koebe [K]. He used the continuity method to
prove the following theorem.

Theorem 1.2 (Koebe). IfQ is a finitely connected domain containing co and © is
any angle assignment on C(Y), then there exists a unique rectilinear slit map f(z)
achieving © which satisfies the normalization

f(z):z+ﬂ+~~ near oo.
z

Various other uniformizations were found for domains of finite connectivity (see
[Go]), and ultimately very general theorems were proven. In particular, Harring-
ton [Ha|] showed that for any assignment of shapes to the boundary component of a
given domain there exists a conformal map on the domain such that the boundary
components in correspondence have the assigned shapes (allowing scaling but not
rotation). A new proof of this theorem and certain generalizations have recently
been given by Schramm in [Scl].

Obtaining uniformization results on domains of infinite connectivity has proven
to be much more difficult; for example, Koebe’s circle uniformization problem while
recently solved for the case of countably connected domains (see [HS]) is still open
in general. Much attention has been given to slit mappings, parallel and otherwise.
The original work in this area is due to Grotzsch circa 1930. In a series of articles
(see [J] for references) he proved various existence and uniqueness results using
extremal problem arguments in combination with his “method of strips” a precursor
to the modern notion of extremal length.

A number of Grétzsch’s theorems and proofs have been refined over the years.
For instance Jenkins uses the modern formulation of extremal length to state the
condition (Pp) of Theorem 1.1 which is not trivially equivalent to the original
condition given by Grotzsch. In the case of circular and radial slit uniformiza-
tion, a simple proof of existence and uniqueness was given in 1960 by Reich and
Warschawski [RW]. It is worth noting that the slit map which they found as the
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unique solution to an extremal problem also has the property that its image is a
minimal slit domain in a sense analogous to that of condition (Py). Later Marden
and Rodin [MR] obtained an extremal length result on a general Riemann surface
which in particular implied the results of Reich and Warschawski and provided a
new characterization of uniqueness. Also notable in these uniformization problems
is the approach of using principal functions to obtain various slit maps as the so-
lutions to certain extremal problems within the framework of Riemann surfaces
(see [AS], [NS], or [RS]).

Attention to the rectilinear slit mapping problem returned in the mid 1970’s when
Rodin began its study on domains of infinite connectivity in the hopes of obtaining
insight into Koebe’s circle uniformization problem. In 1977 Rodin [ABB] suggested
that a continuity assumption on the angle assignment might be sufficient to imply
the existence of a rectilinear slit map achieving an otherwise arbitrary assignment
on any domain. Roughly speaking, an angle assignment © is continuous if for every
sequence {C), } of complementary components which converges to a complementary
component C, the sequence {©(C,,)} converges to ©(C') modulo 7. This continuity
condition can be described more easily in terms of the natural topology on C(9).
Here a subset O C C(Q) is open if and only if there exists an open set U in C such
that

O={CeC():CcU}.

Definition. For any domain  in C, an angle assignment © on C() is said to be
continuous provided that the map e2®: C(Q2) — {z: |z| = 1} is continuous.

This work shows that Rodin’s continuity assumption is sufficient to imply the
existence of a rectilinear slit map achieving any angle assignment with finite range.
The question of existence under the continuity assumption for the case of angle
assignments with infinite range is still open.

2. UNIQUENESS OF RECTILINEAR SLIT MAPS

The proof of the uniqueness theorem is by the argument principle. The main
difficulty is in choosing an appropriate finite collection of curves homologous to
zero and a function on which to apply the argument principle. The method is
motivated by He and Schramm’s proof of the uniqueness of the circle normalization
for domains of countable connectivity [HS]. In their proof, however, they extended
maps continuously to a larger domain and applied a generalized argument principle;
we need only restrict the maps to a suitable finitely connected subdomain and apply
the standard argument principle.

In the course of the proof we shall use the following approximation lemmas. A
proof of the first may be found in [W], while the second follows immediately from
the first. Here, and elsewhere, we use the notation In[v] to denote the bounded
domain determined by a Jordan curve « lying in the finite complex plane; similarly
Out [y] will denote the unbounded domain determined by -.

Lemma 2.1. If Q is a domain in C containing oo and C € C(Q)), then for any
€ > 0 there exists a Jordan curve v in Q such that C C In[y] and

zeQNnInfy] = dist(zC) <e.
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Lemma 2.2. If Q is a domain containing co and C € C(RY), then for any open set
U in C containing C there exists a Jordan curve v in Q such that

Cclnfy]cU.

Theorem 2.3. If Q) is a countably connected domain which contains oo and © is
any angle assignment on C(2), then there exists at most one rectilinear slit mapping
f(2) achieving © which satisfies the normalization

f(z):z—&—az—l—i—--- near oo.

Proof. Suppose to the contrary that there were two distinct normalized rectilinear
slit maps ¢(2) and v(z) achieving ©. By considering ¢ o ¢~!(2) we may reduce to
the case where  itself is a domain with each component C' € C(2) lying on a line
of inclination ©(C'), and where there exists a normalized map f(z) Z z on  that
achieves ©. We shall show that this situation is impossible.
The difference f(z) — z is analytic in Q and has the convergent expansion
aj
o +--- near oo
for some j > 1 and a; # 0. Thus the image of a large circle under f(z) — z has
winding number —j about the origin. This follows by Rouché’s Theorem, since we
may choose R sufficiently large such that {z : |z| > R} C , and
i 1 a;
(1) f(z)—=z o < 5 ’zﬂ‘ on |z| = R.
In fact inequality (1) shows that as z describes the circle Cg = {z : |z| = R} once
in the positive direction, arg[f(z) 4+ a — z] changes by —2mj for any |a| < |a;|R™7.
Let fo(z) = f(2) + a for any a € C. Since f,(z) is simply a translation of f(z),
each of the maps f,(z) achieve the angle assignment ©. For a fixed a we imagine
that the image of f,(z) is in the same plane as the domain Q. For any C € C(Q),
C and f,°(C) are parallel slits. Thus by choosing a appropriately we can achieve

(2) CNfLl(C)=2 forall CecC(Q)

and |a| < F|a;|R™7. Indeed, since C(Q) is countable there exists 6y € [0,7) not in
the range of © (mod 7). If a is taken to be of the form a = re?® then for each
C € C() there is (because 6y # ©(C) (mod 7)) at most one value of r, say r¢,
such that C N f,°(C) # @. Hence we may take a = roe’’ where |ro| < $|a;|R™
and rg does not equal any, of the countably many, r¢.

Having fixed a, we now claim that there exists a finite collection {vx}}7_; of
Jordan curves in Qg = QN {z:|z| < R} satisfying

(3) In[yz]NIn[y] =2 for k #1,
(4) In[ve] NIn[fo(vk)] = @ for each k, and
(5) CcC U In [yx] for each C' € C(Q).

To see this observe first that since Q¢ is compact, if there exists a sequence {v5}%2,
of Jordan curves in Qg satisfying properties (3), (4), and (5), then the sequence
may be replaced by a finite collection as required. Thus, since C(£2) is countable,
it suffices to show that if {~x}7*, possess properties (3) and (4), and C' € C(f2) is
such that C' ¢ | J;—, In [;], then there exists a Jordan curve v,,,4+1 in Qg enclosing
C and such that {7 }7"",' possess properties (3) and (4).
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Suppose that {7 }}"; and C are as just described. By Lemma 2.1 we may choose
a Jordan curve o in © such that C' C In[o] and

zeQNInfo] = dist(z,C) < %dist(C, f.6(C)).
Likewise there exists a Jordan curve ¢’ in f,(Q) such that f,°(C) C In[o’] and
we f()NInfo’] = dist(w, £,.°(C)) < %dist(C, f.6(C)).

The curves o and o, thought of as lying in the same plane, satisfy In [¢]NIn [¢/] = &;
while In[o] NIn [f;(0")] # @ as C belongs to the intersection (this follows since
fa(00) = 00). Thus, the set

U=In[o]nIn[f; (o)) n{z:]2] < R} N ") Out [4]
k=1
is open and contains C. By Lemma 2.2 we may take v,,+1 to be a Jordan curve in
Q such that

Ccln [’}/m_;,_l] cU.

The choice of o and ¢’, the fact that f,(co) = oo, and the definition of U imply
that {vx}"' satisfies (3) and (4). This shows our claim.
We are now ready to apply the argument principle to the cycle

n
r=Cg-— Z Vi (all curves positively oriented)
k=1

and the function f,(z) — z. Properties (3) and (5) of {yx}}_, show that I' is
homologous to zero. We have already seen that arg[f,(z) — z] changes by —27j as
z describes Cr. Consider now the change of argument of f,(z) — z as z describes a
curve 7, for some fixed k. By composing with a homotopy we may, by property (4),
deform the image of 44 under f,(z) to be a point in Out [y;] without altering the
change in argument. It is therefore clear that the change in arg[f,(z) — z] is zero as
z describes 7. Our conclusion is that the change of argument of f,(z) — z on the
cycle T' is —2mj < 0. This implies that f,(z) — z has a singularity in Qz. However
we know that f,(z) — z is analytic in all of Q. This contradiction completes the
proof. O

Remarks. 1. The assumption that the domain {2 is of countable connectivity can-
not be entirely removed from the theorem. Indeed it is known that even for the
parallel slit uniformization there is a lack of uniqueness in the case of uncountable
connectivity [J, p. 84].

2. The connectivity assumption was used in two different ways in the proof
of Theorem 2.3. First it was used in order to obtain a sufficiently small complex
number a such that (2) held. Then it was used to show the existence of a finite
collection {vx}7_, of Jordan curves satisfying properties (3), (4), and (5). This
latter argument can be replaced with an argument relying only on the compactness
of Q°.

3. In the case of a parallel assignment Jenkins’ weaker condition (Pg) concerning
the extremal length of the image, characterizes a unique parallel slit map (see
Theorem 1.1). We shall formulate a generalization of this condition called (NPg)
(see Theorem 4.4) for continuous angle assignments with finite range. It has recently
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been shown by Maitani and Minda [MM] that (NPg) implies uniqueness in the case
of such a rectilinear assignment. Their proof uses the condition (NPg) to show
that the rectilinear slit map has a certain boundary behavior and then they apply
a uniqueness result of Shiba [Sh].

4. Our proof using the argument principle could be extended to the case where
the connectivity assumption is replaced with the assumption of condition (NPg) if
one could show that (NPg) is sufficient to imply the existence of a sufficiently small
complex constant a such that (2) holds for a domain of arbitrary connectivity.

Theorem 2.3 can be used to demonstrate an example which shows that not all
angle assignments can be achieved by normalized maps. The example we provide
is of a discontinuous angle assignment on a domain of countable connectivity. This
shows that the existence portion of Koebe’s theorem is sharp, and also motivates
using Rodin’s continuity assumption for proving existence.

Example. For each nonzero integer n, let h, be the horizontal segment whose
imaginary part is 1/n and whose real part ranges between —1 and 1; and let hg
be the segment [—1,1] on the real axis. Let Q be the domain whose complement
consists of the line segments h,, and consider the angle assignment © on C(2)
defined by

0, n # 0,

() = {71'/2 n = 0.

Claim. No normalized mapping can achieve the assignment © on C(£2).

The proof of this claim uses the uniqueness theorem in two different ways: first to
conclude that the image of a supposed map achieving the assignment has a certain
symmetry, and second to rule out one possible form of the image. With regard to
the latter use, we remind the reader that a point component is a slit whose angle
of inclination may be taken to be any desired real number.

Proof of Claim. Suppose to the contrary that f(z) achieves © and is normalized
with expansion z+a,2~ '+ - - near co. The uniqueness theorem and the symmetry
of  imply that f(z) = —f(—2). It follows that for each n # 0, f¢(h,) is a
horizontal line segment symmetric to the imaginary axis. Further fC(hg) is either
(i) the point {0}, or (ii) a vertical line segment {w : Rew = 0, | Imw| < p} for some
p > 0. The first case is impossible since then both the maps f(z) and the identity
would achieve the assignment 0 =0, contradicting Theorem 2.3. In the second
case, by considering boundary correspondence, we deduce that if w — ¢ € f€(ho)
through {w : Rew < 0} then f~!(w) — —1. By the reflection principle this implies
that f~!(w) is a constant, also impossible. Since both cases lead to contradictions,
we conclude that no such f(z) exists. |

3. A GENERALIZED MODULE TECHNIQUE

In this section we describe a variation of the classical module which general-
izes the standard notion to allow greater freedom in the family of arcs. A new
module-like quantity, called the crossing-module, will be defined in Section 3.1.
The crossing-module shall not be a conformal invariant; however useful estimates
for the variation of quantities related to the crossing-module under a conformal
map will be obtained in Section 3.2. Explicit calculation of the crossing-module for
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FIGURE 2. A chain of arcs in a domain.

a certain type of arc family will be given in Section 3.3. The crossing-module is the
key tool used in Section 4 to prove the existence of rectilinear slit maps.

Recently Schramm [Sc2] has introduced a different (but similar) generalization
which he calls the transboundary extremal length. His notion is a conformal invari-
ant, and he has developed a general theory in which the transboundary extremal
length is used to prove many types of uniformizations. His theory is suited toward
proving the existence of uniformizations in which the complementary components
of the image are all “fat” sets. It does not apply to our mapping problem because
a slit is the antithesis of a fat set.

3.1. The crossing-module. The crossing-module is motivated as an attempt to
develop a tool to show that some of the complementary components of a domain
are slits lying at the same inclination, while other components are known not to
be slits at this inclination. Essentially one would like to ignore the fact that these
other components are in the complement and allow arcs to pass through them. The
behavior of such arcs in the interior of the complement is of no interest, it is only
important to keep track of where the boundary is crossed.

We shall define the crossing-module for domains in the extended complex plane.
A module-like quantity will be defined by modifying the standard notions of p-
length and p-area. The modification of the length will be to add a term representing
the Euclidean distance “jumped” for each boundary crossing. While the area will
be modified by adding the Lebesgue area of all the complementary regions which
may be crossed.

Definitions. Let Q be a domain in C.

(i) A rectifiable arc « : [0, 1] — C is said to join boundary components of Q if the

interior of v is contained in € and the endpoints of v belong to 0.

(ii) A chain in Q is a finite sum o = Z?:l ~; of arcs v; each joining boundary
components of {2, and such that the terminal point of y; and the initial point
of 7j4+1 belong to the same boundary component of 2 for j =1,2,...,n -1
(see Figure 2).

(iii) The crossing-number of a chain o = Z;—;l 7y, is defined to be the number n
of arcs comprising ¢ and will be denoted by cx (o).

(iv) The 4nitial and terminal points of o = Z?:l ~y; are defined respectively as the
initial and terminal points of 1 and ~,,.
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(v) The space of boundary components of 2 will be denoted by B(2).

(vi) A fixed subset B of B(Q) is called a set of crossing-boundaries provided that
the Lebesgue area of the complementary components of 2 corresponding to
the elements of B is finite. This area will be denoted by A,(B).

(vii) If B is a set of crossing-boundaries, then the set of all chains in £ which, aside
for initial and terminal points, are contained in QU (U B) will be denoted by
Ca(B).

(viii) A non-negative function p(z) defined on € is called a metric on § provided
that p(z) is lower semi-continuous.

(ix) If p(2) is a metric on €, and I is a family of chains contained in Cq(B), then
the p-length of a chain o = 2?21 v; € I' is defined by

n n—1
() =3 [ a1l + 3 hyna(0) = (1)

(x) The p-length of a family T is defined by

L,y(I') = inf I,(o) .

(xi) The p-area of Q with respect to B is defined by

A.8) = [ [ ot dedy + 4(5)
Q

for any set of crossing-boundaries B.
(xii) If B is a set of crossing-boundaries of 2, then the crossing-module of a family
of chains I" in Cq(B) is defined by the expression

A,(Q,B)

MQ,B(F) = 1%f LP(F)Q

where the infimum is taken over all metrics p(z) on 2, and indeterminate
ratios are defined to be equal to co. When clear from context we shall use
the notation pu(T").

(xiii) Sets €, B, and I for which a crossing-module is defined shall be referred to

collectively as a crossing-module problem; specifically as the crossing-module
problem (2, B,T).

Remarks. 1. If B = @&, then the definition of the crossing-module coincides with
that of the module.

2. The crossing-module will not be a conformal invariant; we will, however,
obtain a useful estimate (see Theorem 3.1) for the change in the area to length-
squared ratio for a fixed metric under the action of a conformal map.

3. It will also be the case that the area to length-squared ratio will not be
homogeneous in the metrics. This is not viewed as a deficiency, but rather as a
normalization of the problem (see Theorem 3.3).

3.2. The conformal variance of the crossing-module. Let (2, B,T") be a cross-
ing-module problem. A conformal homeomorphism f(z) on Q which extends contin-
uously to the crossing-boundaries B € B induces a natural crossing-module problem
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(Qf,Bf,T'F) where
Of
Bf

f(9),
{f(B): B € B}, and

M={of =3 fly):o=) ~el}
j=1 j=1

The crossing-modules x(I'f) and u(T') are clearly equal when f(z) is a translation
or rotation, but in general they need not be equal. The following theorem provides
an estimate for the difference

A, (), BT) N
Lys (V)2 Ly(I')?

where p(z) is any metric on Q and p’ (w) is the induced metric on f(Q) defined by
(6) pl(w) = p(f~H(w)) |F'(FH(w))] -

Theorem 3.1. Let (2, B,T") be a crossing-module problem, and f(z) be a conformal
homeomorphism on Q which extends continuously to | JB. Assume that there exists
an integer N such that each o € I' has crossing-number at most N. If there exists
€ > 0 such that for each B € B

(7) mn€B = |[f(a) = fz)] o -2l <€

then for each metric p(z) on €,

(8) |L,/(T7) = L,(T)| < eN .
If additionally there exists € > 0 such that
(9) |Ay(BT) — 4y(B)| < €,

then for each metric p(z) on Q such that L,(I') > €N,

(10)
A (0 BY)  4,(9,B)

A,(Q,B
Lpf(l"f)2 LP(P)2 ! € +eN (2LP(F) + 6N) M

B (LP(F) - 5N)2 LP(F)Z

Proof. Assume that (7) holds for some € > 0 and each B € B. Let p be an arbitrary
metric on ). For a given 0 = Zn 1 €T, denote the initial and terminal points

of each v; by a; and b; respectively. Since f oy w) |dw| = f p(2) |dz| for each
7, it follows from the definition of p-length that
n—1
(11) (o) = 1p(0) = > (1f(a41) = F(B)) = lagpa = by]) -
=1
Thus J
n—1
Los(T7) < 1,i(07) < 1p(0) + 3 (1 f(ajn) = F(b))] = lajr = byl )
j=1

and the assumption (7) yields that
L) <1,(0) +eN .
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Since this is true for any o € I, it follows that
L) = L,T) <eN.
Similarly, starting from equation (11), one can show that
L,(T) = L) <eN .

Hence (8) holds.
Now assume additionally that (9) holds for some ¢ > 0. To simplify calculations

define
A= //pf(u,v)Qdudv = //p(x,y)2 dx dy .
Q

f()
The definition of p-area and elementary algebra implies that

A, BT A, (Q,B)
Ls(T7)2 Ly(T)?
_ A+ Ap(BT) A+ A(B)

Lps(I'7)? Ly(T)?

f
A+ A4(BT) — (A+ Ay(B)) + <1 - %11:)22) (A+Ab(B))]

L [Ab(zsﬂ — A4(B)

L, (T7)?
(Lo(T) = Lps(T7)) (Ly(T) + L,s(T7))
+ < L >AP(Q,B)] .

Inequality (10) follows from this equation, under the assumption that L,(I") —eN >
0, by taking absolute values and using inequalities (8) and (9). (]

Remarks. 1. The important feature of estimate (10) to note is that the right
hand side depends only on the original crossing-module problem and on € and €.
Moreover it tends to zero as € and ¢’ tend to zero.

2. Theorem 3.1 can be used to obtain a lower bound for u(I') even when there
is no bound to the crossing-numbers of chains in I". One considers the subfamily
I'N ={o €T :cy(o) < N};since IV C T it follows that u(T) > u(I'V).

The most natural setting in which to apply Theorem 3.1 is when the conformal
map f(z) is close to the identity on the crossing-boundaries. This indeed will be
the case in our application in Section 4. In this case, the choice of € in (7) is clear.
The choice of € in (9) is less obvious. We now state a lemma which estimates how
small ¢ may be taken in (9) under the assumption that there are only finite many
crossing-boundaries each of which is a rectifiable Jordan curve.

Lemma 3.2. Let Q be a domain and suppose that B C B(2) is a finite collection
{Bi1,Bs,...,Bn} of rectifiable Jordan curves. Suppose that f(z) is a conformal
homeomorphism on Q which extends continuously to |JB. If |f(z) —z| < e on |UB
and € < Ly = arclength(By) for each k =1,2,...,n, then

|Ay(BY) — Ay(B)| < 87L - €

where L ="}_, Ly.
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Proof. Tt suffices to assume that n = 1. Let ¢(t) parameterize By by arc length
on [0, L] and extend ¢(t) periodically. Consider, for each m = 1,2,...,[L/e] the
disk A,, of radius 2¢ and center ¢(me). Since any point within € of By is within
2¢ of one of these centers, f(B1) is contained in the union of these disks. Hence it
follows that

[L/€]
L
|Ab(Bf) - A(B)| < E area(Ag) < <— + 1> 7(2€)* = 4(L + €)me < 87L - €.
€
m=1

|

3.3. The crossing-module of a punctured rectangular domain. Recall that
the module of a rectangle (i.e., of the arcs joining a pair of opposite sides of a rect-
angular domain) is equal to the ratio of the length of the sides not being joined to
the length of the joined sides. Further recall that this result still holds if the rect-
angular domain is replaced by a rectangular domain minus a collection of parallel
slits, whose projection onto a line parallel to the sides joined has linear measure
zero. These results are generalized by allowing the rectangular domain to have
complementary components over which arcs are allowed to cross. Theorem 3.3 will
show that the resulting crossing-module is equal to the appropriate ratio of the side
lengths of the rectangle and that the only extremal metric is p(z) = 1.

At least as important to our application is an analysis of the case in which the de-
scribed domain has some boundary component that is not a crossing-boundary and
which is also not a slit in the preferred direction. An explicit metric is constructed
to show that the crossing-module in this case is strictly less than the relevant ratio
of the side lengths of the rectangle, see Theorem 3.6.

We begin by making some definitions. Since the crossing-module is invariant
under translations and rotations, we may restrict our consideration to rectangular
domains whose boundary sides are parallel and symmetric to the axes.

Definitions. Let
Ry ={z:|Rez| <a/2,|Imz| <b/2} fora,b>0.

(i) A domain Q is said to be a punctured rectangular domain if there exists a
domain D such that

Q= Ra,b ND and D¢C Ra,b

for some a,b > 0; see Figure 3. The numbers a, b are called respectively the
length and height of Q.

(ii) For a fixed a and b, let  be a punctured rectangular domain of length a
and height b and suppose that (2, B,T') is a crossing-module problem. If the
initial and terminal points of every ¢ € I' lie on opposite vertical sides of
ORqp, then I' is said to join the vertical sides of €.

(iii) In the same situation, the crossing-module problem is said to be horizontally
sectionable if for almost every y € (—b/2,b/2) there exists a chain o, € T
joining the vertical sides of €2, whose image is @ N {z : Imz = y}. Such a
chain o is called a horizontal chain.

Note that if € is a punctured rectangular domain of length a and height b that
is horizontally sectionable, then the linear measure of the projection of 9~ (|J BU
OR, ) onto the imaginary axis is zero.
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FIGURE 3. A punctured rectangular domain of length a and height b.

Theorem 3.3. Let ) be a punctured rectangular domain of length a and height b.
Suppose that (2, B,T') is a crossing-module problem with T joining the vertical sides
of Q. If (2, B,T) is horizontally sectionable, then

u(T) = ba.
Further p*(z) = 1 is the only extremal metric provided that B # &.

Proof. First note that Ay« (2, B) < aband L,-(I") > a. Thus u(I') < b/a, and p*(2)
will be shown to be extremal if the reverse inequality is shown. Let Cp denote the
complementary component corresponding to a boundary component B € B(f2). Let
p(z) be any metric on Q, and define 5(z) on @ = QU (U{Cp : B € B}) by

~ v Jrlz), z2€9Q,
p(z)_{l, ze (U{Cs: BeBY).

Consider the family r consisting of all arcs «y in Q joining the vertical sides of O
such that v N Q is the image of some chain o € T'. In other words, each chain o € T’
is extended in all possible ways into the complementary components corresponding
to the boundaries it crosses.

The definition of the metric p(z), and of area and length in a crossing-module
problem imply that A,(Q, B) = A;(Q?) and that L,(I') < L;(T"). Hence
A(QB) A

Ly(T)? = L(T)2
Since (Q, B,T) is horizontally sectionable, the horizontal segment from —a/2+ iy

to a/2 + iy belongs to I for almost every y € (—b/2,b/2). Thus it follows from the
classical theorem on the module that

A3(Q)
Ls(T)?

(12)

(13) >b/a.
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By combining (12) and (13), and taking the infimum over all metrics p(z) € P one
obtains that p(T') > b/a as desired.

Since it is known that the only extremal metrics in the module problem are
the constants, it follows from the above extension procedure that no metric except
p*(z) can be extremal. O

If, with the notation of Theorem 3.3, some B* € B(Q) \ (BU{0R,}) is not a
horizontal slit, then one might expect that the crossing-module would be less than
b/a. The intuitive reason for this is that the boundary component B* would serve
as a barrier, impeding chains from joining the vertical sides of 2. We shall show
in Theorem 3.6 that this intuition is correct, under the additional assumption that
the distance from B* to B is strictly positive. This theorem will then provide a
test to see if a particular group of boundary components in an arbitrary domain
consists of parallel slits.

A boundary component B* as just described can be characterized as a connected
set which contains two points whose imaginary parts are different. The following
lemma allows this global characterization to be transformed into a local property.
Roughly speaking, the local property obtained is that there exists a square region S
with sides parallel to the axes and of arbitrary small length, such that within .S the
boundary component B* separates a point on the left side of S from all points on
the right side of S. Additionally, this geometric property is then used to produce
an inequality involving a specific metric suitable for a crossing-module problem.

By way of notation, if S is the square region

S={z:a<Rez<a+s, b<Imz<b+ s},
then the left and right sides of S are defined by
(0S)i={2:Rez=a}N3dS and (9S),={z:Rez=a+s}NIS.
Lemma 3.4. Let D # C be a stmply connected domain containing oo such that
0D is not a horizontal slit. Then for any sq > 0,

there exists a closed square region S with sides parallel to the axes and
of length less than sg, such that there exists a point z; € (0S); N D,
and such that any rectifiable arc from z1 to any point zo € (9S), N D
which is contained in S necessarily intersects 0D.

(14)

Moreover, for any fized so > 0 and square region S as described in (14), there exists
a disk A* C S such that, if wi,ws € 0S and 7y is a rectifiable arc in D N S joining
w1 to wa then

(15) /p*(z) |dz| > |Rew; — Rews| ,

where

1, z€ D~ A%

e CR

So as not to interrupt the proof of Lemma 3.4 we first state the following simple
result, whose proof is left to the reader, regarding the replacement of a rectifiable
curve with a Jordan curve.
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Lemma 3.5. Suppose that D is a domain, K is a convex region, and 7y is a rectifi-
able arc in DN K joining points z1 to zo. Then there exists a Jordan arc in DN K
joining z1 to za.

Proof of Lemma 3.4. The first assertion will be proven by contradiction. Suppose
that there exists sg > 0 such that

for every closed square region S with sides parallel to the axes and

(14') of length less than sg and every z; € (05);N D, there exists a point
z9 € (05), N D and a rectifiable arc v from 27 to zo with v C S
and yN oD = @.

Choose points (1,2 € dD with Im(¢; — ¢2) > 0. We construct an infinite row
of square regions of side length s = min{sg, Im(¢; — ¢2)}/4 which will separate (3
from (5. Define b =Im(¢; + ¢2)/2 — 5/2, and let

Sp={z:ks<Rez< (k+1)s, b<Imz<b+ s}

for all integers k.

Since D contains oo, there exists an integer jo such that 9D C {z : |z| < jo}.
Hence we may choose a point w_j, € (05—j,); N D. By repeatedly applying the
supposition (14') for k = —jo, —jo+1,...,jo — 1, we find points wy, € (0Sk),ND =
(0Sk+1)1 N D and rectifiable arcs v, in Sy joining wy to wgy1. It follows that

?c“:__ljo i is a rectifiable arc in Dﬂ(Uf;’:__le Sk) joining w_j, to w;,. By Lemma 3.5
we may replace this arc with a Jordan arc I'; having the same properties. The points
w_j, and wj, can clearly be connected by a Jordan arc I'y in D~ {z : |z| < jo}. But
then I' =T'; UT'; is a Jordan curve separating the points (; and (s; this contradicts
the fact that 0D is connected. Therefore the first assertion of the lemma is shown.

To show the second claim, let sp be given and assume that S ={z:a < Rez <
a+s, b<Imz<b+s}isas described in (14). Choose a point z; € (95); N D such
that for any point zo € (9S5), N D, there does not exist a rectifiable arc in D N S
joining 21 to zs.

We now construct the disk A*. Choose r > 0 such that

Ay ={z:|z—=|<r}CD,
and choose a point z* € A; NS. Choose r* > 0 so small that

A ={z:]z=2"<r'} CA1NS and

2r* < min | {[(x —Rez*)? + dist(z*,85)2]1/2 — |z - Rez*}} :

z€la,a+s

Define p*(z) as in (16).

Let wy,wy € 0S and suppose that « is a rectifiable arc in D N S joining w; to
ws. It may be assumed that v N A* # @. By construction, any point in A* can
be joined to z; by a rectifiable arc in D N .S, thus it follows that neither w; nor ws
can belong to (95),. Inequality (15) is trivial if both w; and ws belong to (95);,
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hence assume that wy ¢ (95);. In this case we have
/p*(z) |dz| > |wy — 2% — " + |wg — 2*| — 1"
v

= |w; — 2*| + [(Rews — Rez*)? + (Imws — Im 2*)?] V2 g

> |Rew; — Rez*| + [(Rews — Rez*)? + dist(2*, 05)?] Y2 gy
> |Rew; — Rez*| + | Rews — Re z*|
> |Rew; — Rews|
which shows that (15) holds and finishes the proof of the lemma. O

Theorem 3.6. Let  be a punctured rectangular domain of length a and height b,
and suppose that (Q,B,T") is a crossing-module problem with I joining the vertical
sides of Q. If there exists B* € B(Q) ~ (BU{OR.}) that is not a horizontal slit
and such that dist(B*,B) = inf{|¢* — (| : {* € B*, (€ (UB)} > 0, then

w() < b/a.

Proof. Suppose that B* € B(Q)\(BU{0Rq4}) is not a horizontal slit and that sq =
2 dist(B*,B) > 0. Apply Lemma 3.4 with the domain D equal to the unbounded
component of B*¢, to obtain a square region S satisfying (14) and a disk A* C S
such that (15) holds where p*(z) is defined by (16). Since 2 C D, p*(z) restricts
to a metric on 2.

In order for (14) to hold it must be the case that B* NS # &, thus

CesS = dist(¢, B) < V2sy < dist(B*,B) .

This shows that S does not contain any points on any crossing-boundaries, and
thus that

Ay (Q,B) < ab— area(A™) .

We shall use inequality (15) of Lemma 3.4 to obtain a lower bound for L, (T").
Let 0 = Z?Zl v; € I' be given. Since each +; is rectifiable we may break -; into
finitely many subarcs which alternately avoid A* and enter A*. For each j, choose
m; > 0 and collections {oy 1}, and {B;x},-, of arcs such that

™

v = 0+ Z(ﬁj,k +ajk)
k=1

where for each k:

(i) ajk is an arc in Q ~ A*,

(ii) Bjk contains a point of A*,
(iii) the endpoints of 3, belong to 95, and
(iv) the interior of 3; is contained in S.
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Let a; , and b; ;. denote respectively the initial and terminal points of each oy i,
and note that bj ;—1 and a; ; are the initial and terminal points of §; ;. By inequal-
ity (15) and definitions, we have that

n—1

(@) =3 [0 del + 3 g0 = by
=1y i=1
n n—1
Z { / |dz] + Z / z)|dz| + / |dz|)} + Z laj11,0 = bjm,|
i=1 aj, Bjk A,k J=1
Z {|Rebj0 Reajo| + Z |Reajr —Rebjp—1|+|Rebjr —Rea;, k|)}
j=1 k=1
n—1
+ Z |Reaj+1,0 - Rebj,mj| .
j=1

Hence, by repeated use of the triangle inequality, we find that {,«(c) > a. Since
o € I' was arbitrary we have that L,-(I') > a. Therefore,

A, (9, B) < ab —area(A*) b area(A¥) < b
a

L,-(I)?2 — a? a a?

which shows p(I') < b/a and completes the proof. O

4. EXISTENCE OF RECTILINEAR SLIT MAPS

In this section the existence of rectilinear slit maps achieving continuous angle
assignments with finite ranges will be shown for arbitrary domains. Additionally it
will be shown that the image of the rectilinear slit maps satisfy a certain crossing-
module condition called (NPg) (see Theorem 4.4) which generalizes Jenkins’ (Pyp)
condition. The combination of Theorem 4.4 with the uniqueness result of Maitani
and Minda [MM] provides a complete generalization of Grotzsch and Jenkins’ The-
orem (Theorem 1.1) for the case of rectilinear slit maps achieving continuous angle
assignments with finite ranges.

In order to facilitate the statement and proof of Theorem 4.4 we introduce some
notation and give some approximation lemmas.

Definition. If ) is a domain containing co and + is a Jordan curve in {2 then the
open subset {C' € C(R2) : C C In[y]} of C() shall be denoted by N (7).

Proofs of the following lemmas may be found in [W].

Lemma 4.1. Let Q) be a domain containing co. If {Ci}}_, is a collection of disjoint
closed subsets of C(2) which partition C(Q2), then there exists disjoint Jordan curves
V1yV2y - -y Yn 10 Q such that Cr, = N(y) fork=1,2,...,n

Lemma 4.2. Let Q be an n-connected domain containing oo with boundary com-
ponents By, Bs,...,By. If e >0, then

(i) There exists disjoint piecewise linear Jordan curves Ji,Ja, ..., J, in Q such
that for{=1,2,...,n

B CcInl[J)] ifand onlyif k=1, and
zeQnInlJ)] = dist(z,J;) <e
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(ii) Moreover, if By, Ba,..., B, are known to be rectifiable Jordan curves, then
Ji,Ja, ..., Iy can be chosen to additionally satisfy

n
Zarea(In [Jk] N In[By]) < €
k=1
for any ¢ > 0.
Lemma 4.3. Suppose that € is a bounded domain such that the unbounded comple-
mentary component, C, is an isolated component. Then there exists a piecewise

linear Jordan curve J in  which encloses every complementary component of €
except for Cu.

The condition (NPg) involves a collection of crossing-module problems. To de-
scribe such a collection, we first show how a continuous angle assignment with finite
range can induce a set of crossing-boundaries on a domain.

Consider a domain D containing oo, and suppose that ® is a continuous angle
assignment on C(D) which has range {¢1, ¢2,...,¢n}. Foreach j =1,2,...,n,
(17) Cj=271(¢y)

is a closed subset of C(D), and the collection {C;}7_; forms a partition of C(D).
Hence Lemmas 4.1 and 4.2 imply the existence of disjoint, rectifiable Jordan curves
By, Bs, ..., B, in D satistying

(18) C; = N(By) for j =1,2,...,n.
Definition. If D is a domain containing oo and @ is a continuous angle assignment
on D with range {¢1,¢2,...,é,} then, any collection B = {Bj,Bs,...,B,} of

disjoint rectifiable Jordan curves in D satisfying (18) where C; is defined by (17) is
said to be a ®-induced crossing-boundary collection in D.

Theorem 4.4. Suppose that  is a domain containing oo, and that © is a con-
tinuous angle assignment of finite range {61,02,...,0,}. Then there exists a map
f(2) achieving © with the expansion

f(z):z—l—%—i—--- near oo

that satisfies the following condition which will be referred to as (NPg ).
If B={By,Ba,...,B,} is any © o (f~1)¢-induced crossing-boundary collection
in f(Q), and s is sufficiently large so that

(19) (fF@°u(JB)) C Ses  forall ¢ €{61,02,...,0,}
where Ss. s = {€'®z : |Rez| < s, |Imz| < s}, then for each j = 1,2,...,n, the
crossing-module problem (Dj,B;,T';) defined by

D; = (f(Q) N Ss,ej) N Uk;ﬁj In [Bk]7
(20) § B;j =B~ {B;}, and

I'; = {o € Cp,(B;) : o joins the sides of Ss g, at inclination 0; + 7/2},
has crossing-module

u(ly)=1.

(See Figure 4 for an illustration of such a crossing-module problem.)
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FIGURE 4. Tllustration of a crossing-module problem (Da, By, I's).

Proof. Tt suffices to assume that n > 2, for in the case of n = 1 (i.e., a parallel
assignment) the crossing-module may be replaced with the module and then the
statement of the theorem coincides with part of an established theorem (Theo-
rem 1.1) proven in [J, pp. 81-84] (see specifically Lemma 5.8 on p. 82).

We first construct a candidate map f(z). Since © is a continuous angle assign-
ment with finite range, Lemmas 4.1 and 4.2 imply the existence of disjoint Jordan
curves Ji,Ja, ..., J, in Q such that ©71(0) = N(Ji) for k = 1,2,...,n. Since
C~ Ur_; In[Ji] is a compact subset of Q, we may choose an exhaustion {2, } such
that

(21) C~ Ul €
k=1
for all m.
Now fix m and consider a component C' of Q¢ . The inclusion (21) shows that
C is enclosed by precisely one of the curves Ji, Ja, ..., J,. Thus we may define an
angle assignment ©,,, on C(£2,,) by requiring that for each C € C(Q,,),
0,,(C) =0

where k is the unique integer such that C' C In [Jg]. Since Q,, is finitely connected,
Koebe’s Theorem (Theorem 1.2) gives the existence of a map f,,,(z) achieving the
angle assignment ©,, and having expansion

ai,m

fm(z) =2+ -+ -+ mnear oo.
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FIGURE 5. A crossing-module problem (D,,, B,,,T',).

It is easy to show (see [W, p. 67]) that {f,.(2)} forms a normal family and has
a subsequential limit f(z) that is univalent on Q with expansion

f(z):z—&—az—l—i—--- near oo.

By passing to the subsequence, it may be assumed that the entire sequence { f,,(2)}
converges to f(z).

Now we verify that (NPg) is satisfied for this f(z). Let B = {Bi, Ba,..., By} be
any Qo( f~1)¢-induced crossing-boundary collection in f(£2), and let s be sufficiently
large so that (19) holds. Consider the crossing-module problem (Dj, B;,T';) defined
by (20) for some fixed j € {1,2,...,n}. For simplicity of notation it may be assumed
that j = n; further, since the crossing-module is invariant under rotation we may
assume that 6,, = 0 (see the illustration in Figure 5). We shall also use the notation
Ss = S50, and denote the left and right sides of the square 95, by (955); and (955),
respectively.

For the metric p*(z) = 1 on D, it is clear that A,-(D,,B,) < s* and that
L,-(I';,) > s, hence the inequality

n(ln) <1

is immediate. Showing the reverse inequality shall require much more work. A suc-
cession of five crossing-module problems will be constructed. The value of crossing-
module of the final problem will be found by using the theorem giving the crossing-
module of a horizontally sectionable, punctured rectangular domain (Theorem 3.3).
While the necessary chain of inequalities relating the crossing-module problems will
follow from various estimates and the theorem on the conformal variance of the
crossing-module (Theorem 3.1).
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In order to apply Theorem 3.1 the crossing-number of all chains in the crossing-
module problem under consideration must be uniformly bounded. For each positive
integer N, let

I ={o€ly:cy(o) <N}
The inclusion T'YY € T, implies that L,(I'Y) > L,(T,) for any metric p(z) on D,,
and hence that
() = p(I7)
Therefore, in order to prove that u(I'y) > 1, it suffices to show that for each § > 0
there exists NV such that
p@TNy>1-4.

Let § > 0 be given. The choice of N will be determined by approximating the
curves By from the inside and outside by piecewise linear curves. The inner curves
shall serve as the crossing-boundaries in a yet to be specified crossing-module prob-
lem. By choosing N sufficiently large this problem will be assured to be horizontally
sectionable. For each k = 1,2,...,n, apply Lemma 4.3 to the domain In [Bg| N f(£2)
to obtain a piecewise linear Jordan curve Iy, in f(€2) that satisfies

I CIn [Bk] and N(Ik) = N(Bk) .

Next apply Lemma 4.2 to the domain f(Q) ~ Uy_, In [Bx] and e = dist(|J B, Ss),
to obtain a collection {O}}_; of disjoint piecewise linear Jordan curves in f(£2) \
Up—; In[By] each contained in S, that satisfies

B, C In[O;] ifand only if j =k,

for k=1,2,...,n, and also the condition
(22) Xn:area(ln [Ok] ~ In[By]) < éAb(Bn) .
k=1 4

This construction is illustrated in Figure 6. Define IV to be the total number of
segments comprising all of the curves Oy, for Kk =1,2,...,n.

We shall show the crossing-module problem (D,,, B,,,T') has crossing-module
greater than or equal to 1 — . Since n > 2 the area bounded by the crossing-
boundaries Ap(B,,) is strictly positive. This observation allows one to limit the
class of metrics for which analysis must be performed; in particular we note that
for any metric p(z) on D,

Ay(DuiB) _ Ay(Ba)
LY)? = 4B
o
l

(23) Ly(TY) < Ay(Ba)!? -1
Thus it suffices to consider a metric p(z) on D,, such that L,(T'Y) > Ay(B,)Y2.
Let p(z) be such a metric and let 0¥ be a chain in I'} such that 1,(c™V) < 2L,(TY).

Since {Q,, } exhausts Q and f(z) is a homeomorphism onto f(£2), the sequence of
domains {f(Q,,)} exhausts f(2). Hence a compactness argument shows that there
exists M such that o™ and the domain C Ur—, In [I;;] are contained in f(€2,,) for
each m > M.

Consider, for each m =1,2,..., the map g : f(Qm) — fin () defined by

m(Z) = fm Of_l(z) .
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FIGURE 6. The curves Oy, and I}.

Since { fi(2)} converges normally to f(z), the sequence {g.,(z)} converges normally
to g(z) = z on f(Q). Let € > 0 be less than min{1, g, €1, €2, €3, €4}, where

€0 = Ay(Bn)Y?/(4N), € = minarclength(By)
€9 = min dist(Ix, Bg) , e3 = mindist(By, Oy) , €4 = min dist(Oy, 9Ss)
and the minimums are taken over k = 1,2,...,n. Choose mg > M such that
lgmo(2) —2l <€ on T~ |JI[n] .
k=1
By choice of M, each of the crossing-boundaries in B,, is a boundary component

of Dy, N f(Qum,)- Thus we may consider the crossing-module problem (D2, BY 1Y),
illustrated in Figure 7, where the domain f(€) is replaced by f(€,); that is where

D?z =Dy N f(Qimy),
BY = B,, and
M ={secrl:.oc Cpo (B9)}.
Let po be the metric on DY defined by restricting p(z),
po(z) = p(2)|py -

Since D% C D,, and BY = B, it is clear that A,, (DY, B%) < A,(D,,B,,), while the
inclusion T'% < T'Y implies that L,,(I'%) > L,(I'Y). Hence

AP(Dnv Bn) > APO (D?l, 32)

Lo(I7)? = Ly (ID)?
Also, since mg > M, the chain o belongs to I') which implies that
(25) Lpy(T5) < 2L,(T7) -

(24)
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= BZ
)
e

FIGURE 7. A crossing-module problem (D2, B2, T9).

Consider next the crossing-module problem (D}, B! T'l ) induced by the mapping
gmo (2) on the crossing-module problem (D9, B2 T%), that is where

Dvlz = gmo(Dg)v
B'rll = {ng(Bl)ag’mg(BQ)v tee 7g’m0(B'n,—l)}7 and
Iy = {gmo(0) o €Ty}

This problem is illustrated in Figure 8. Since g, (z) is a homeomorphism of DY
onto D}, the set I'}, consists of all chains o € Cp:1(B}) joining gm,((0Ss):) to
9Imo ((0Ss),) whose crossing-numbers are bounded by N.

Let p1(2) = po?o(z) be the induced metric on D) defined as in equation (6).
We shall use Theorem 3.1 to obtain a lower bound for A, (D%, B%)/L,,(I'%)? in
terms of A,, (D}, BL)/L,, (T'}t)2. The choice of mg implies that

(26) | gmo (21) = Gmo (22)] = |21 — 22| | < 2¢
for 21,29 € By, and k =1,2,...,n. Hence inequality (8) implies that
(27) Ly, (T) > Ly, (T'p) — 2N .

Since € < €9 = Ap(B,)/?/(4N) and L,,(T9) > L,(T'Y), this inequality is nontrivial;
indeed,

(28) Lo (T%) — 2eN > 14, (B,)'/% .
Also observe that € < €; and Lemma 3.2 imply that

(29) ‘Ab(Brll) — Ab(Bg)| < K1€
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FIGURE 8. A crossing-module problem (D}, BL T'L).

where k1 = >, _; arclength(By)/(87) is a constant independent of e. Now esti-
mate (10), the fact that € < 1, and inequalities (24) through (29) yield that

A, (D080 A, (DLBY 4 oo AD,B)
non o Lo T 2N (4L (T’ oN) L2 R
PR 2 T~ a2V ALY + 2N) T e
Hence

APO (Dg, 8101) > AP1 (D}w B’rll)
LPO(F%)z - LP1 (P}z)2
where ko > 0 is a constant independent of e.

We now examine the geometry of D.. The outer boundary component gy, (9Ss)
is a Jordan curve which is close to the square 0.5 in the sense that

Ss—e CIn[gm,(0Ss)] C See -

Further note that g,,,(9Ss) encloses all of the curves Oy, since € < €4. Also, since €
is less than ey and €3, each of the crossing-boundaries g,,,(B) € B} is a perturbed
version of By which lies in the region between the curves I and Oy. In other words,
we have the inclusions

(31) Iy CIn [ng(Bk)] ClIn [Ok]

(30)

— K9g€

for k = 1,2,...,n — 1. Finally, it follows from the definition of f,,,(z), that all
the remaining boundary components of D} are horizontal slits enclosed by O,, and
that there are only finitely many of these slits.

Consider next the crossing-module problem (D2, B2, T2), illustrated in Figure 9,
obtained by replacing the outer boundary component g,,,(9Ss) by a (nearly square)
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FIGURE 9. A crossing-module problem (D2,B2,T2).

rectangle. Define
D2 = (D} USE_) N Retene.
B2 =B}, and
I'? ={o€Cp:2(B;): cu(oc) <N, o joins the vertical sides of dRsyc s—c},
where Rq4¢ s—c is the rectangular domain
Rstes—e={z:|Rez| <s+e |Imz|<s—e}.
Let p2(z) be the metric on D2 defined by
1
R (e

It is clear that A,,(D2,B2) < A,, (DL,B)). On the other hand, for each 0% € I'2
there exists a o1 € I'} contained in 62N D). Since p1(2) = p2(2) on 0!, the infimum
of l,, (0) over o € I'l is less than that of ,,(c) over o € I'2. Thus

(32) LP2(P121) 2 LP1 (F711)7
and therefore
APl (Drlzv Bi) > Apz (D?w 6121)
LP1 (P}z)2 N LP2 (F%)Z
One final modification of the crossing-module problem must be made before the
area to length-squared ratio can be estimated by Theorem 3.3. The need for this
last modification is due to the fact that the problem (D2?,B2 T2) might not be

horizontally sectionable since I'2 only contains chains whose crossing-numbers are
less or equal to N while the crossing-boundaries g.,, (Bx) may oscillate up and down

(33)
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FIGURE 10. Ilustration of the possible oscillation of the curves g, (Br).

frequently (see Figure 10). To avoid this possibility we shall enlarge the domain
D? by expanding up to the boundary curves I (k = 1,2,...,n — 1). In the new
crossing-module problem it shall be sufficient to only consider the horizontal chains.
Let (D2,B3,T3) be the crossing-module problem defined by

D2 = 02U (| Wloma(Bo)] ~ In 1),
k=1

B3 ={L,I,...,I,_1}, and
I} = {o, € Cps(B) : 0y is a horizontal chain joining the vertical sides of D} }.

Consider the metric p3(z) defined on D3 by

p2(2), zEDi\a,
p3(z) = ¢ max{pa(2),1}, z¢€ O~ B9,
1, z € BI f7
where
n—1 n—1 n—1
O=|Jm[0s], B9=|JInlgm,(Bx)], and I=|]In[L].
k=1 k=1 k=1

It follows from the definition of p3(z) and p-area that

A,y (D2 B2) < A, (D2,B2) + area(5 ~ é\q) .
The term area(O 1/3\9) is small; indeed the inclusions (31), the condition (22), and
the inequality (29), show that area(5 ~ é\q) < %Ab(Bn) + k1€. Therefore

(34) A (D3, B2) > Ay, (D3, B3) — % Ay(By) — mac
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We shall now estimate L, (I'2) in terms of L, (I'2). It is useful to keep Figure 10
in mind during the construction involved in the estimate. Let the horizontal chain
03 € T2 be given. Consider the horizontal chain o* with the same imaginary
part as o3, but whose image lies in D? < O. In other words, o? is a subchain
of o which crosses the curves Oy. Since N is greater than the total number of
segments comprising the piecewise linear curves Oy for k = 1,2,...,n — 1, the

crossing-number of o* is less than N. Thus
l
04:2:%- for some [ < N,
j=1

where each «; joins boundary components of D3 \ 0. Now, successively, extend
the ends of all segments y; horizontally to the left and right until either they first
intersect a crossing-boundary in B2 or otherwise until they meet the next segment
vj+1- Let o2 denote the resulting chain and note that o € I'2. Tt follows from the
definition of p3(2) that l,,(0?) < l,,(03). Since L,,(I'2) < 1,,(c?) and o3 € T'3
was arbitrary, we have that

(35) Ly, (T7) < Ly, (T7) -

We now consider the area to length-squared ratio. The combination of the
inequalities (34) and (35) yields that

Apz(D?wBr%) > AP%(DrBLng) _ %Ab(Bn) +/€16
Lp,(T3)? 7 Ly (T3)? Ly, (I3)?

Since inequalities (32), (27), and (28) imply L,,(I'2) > 2 A4,(B,,)"/2, we have
8 Ap(Bn) + ke < $A(By) + ke

=0
L2 (4B
where k3 > 0 is a constant independent of €. Therefore
A, (D? B2 A, (D3, B3
(36) Pz( n n) > P3( n n) —6—/{36.

LP2 (F%)Z - LP3(F§L)2

We now apply Theorem 3.3 to the crossing-module problem (D3, B3, T3). We
need only remark that application of this theorem is permissible since there are
only finitely many horizontal slit components in D3 and all other boundary com-
ponents, except the outer component, are crossing-boundaries which do not oscillate
arbitrarily. The theorem gives that

s—¢€

)= :
nn) =,
By the definition of crossing-module we thus have that
APS(‘D’?HB’ISZ) > s—¢
LT3 ~ste
Putting together the inequalities (24), (30), (33), (36), and (37), we obtain the
following estimate on the original crossing-module ratio:
A,(Dy, By) S 8¢
LOINP? ~s+e

(37)

— 0 — K3€ — Ko€ .
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for any positive number € less than min{1, €g, €1, €2, €3, €4 }. Therefore we have shown
that

Ap(Dy, By)
L,TNe =

P

holds for an arbitrary metric p(2) on D, satisfying L,(TY) > Ay(B,)Y/2. The
combination of this inequality and implication (23) ylelds the desired result that
w(TN) > 1 -6, and hence that

:U“(Fn) =1.

Finally, we show that f(z) achieves ©. Suppose to the contrary that some
component B* € B(f(€2)) were not a slit at the desired inclination ;. Choose
any © o (f~!)C-induced crossing-boundary collection B and sufficiently large s.
Define (Dj, B;,T;) by (20), and consider the crossing-module problem (D’, B}, I';)
induced by the map z +— e~ % z. The set B* = ¢~ B* is a boundary component
of Dj which is not a horizontal slit, and satisfies dist(B*',B7) > 0. Thus, by
Theorem 3.6, u(l"}) < 1. On the other hand, since the crossing-module is invariant
under rotations, u(I';) = w(I';) = 1. This contradiction shows that f(2) must
achieve O. (]
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